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All questions may be attempted but only marks obtained on the best four solutions will
count.
The use of an electronic calculator is not permitted in this examination.

All questions may be attempted but only the best four solutions will count.
The use of electronic calculators is not permitted

1) (i) Negate the formula (¢ = —p)A(p = —r) and replace the resulting
expression by an equivalent one which does not involve = or =.

(i) Replace the following expression

((3z)(Yy) P(z, y) A (Y2)(3y)-Q(z,y))  ~(Vz)(Vy)~R(z, y)
by an equivalent one which does not involve = |, V or A.

Let f: A — B be a mapping between sets A, B. Explain what is meant by
saying that (a) f is injective ; (b) f is surjective.

Let T = {ye R | —1<y<1};in (iii) and (iv) below decide, justifying
your statements, whether or not the given mapping is

(a) injective  (b) surjective :

(iii) g: 2 > T ; g(z) =

HE R R OST D KE) =

2 + 1 241
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2) i) Explain what is meant by saying that a mapping f : A — B is
invertible. Prove that f is invertible if and only if f is bijective.

ii) Decompose the following permutation

ofed 3 SlRedn B T 85910 311412518
RS 180271028 18 8 8

into a product of disjoint cycles and hence compute ord(c) and sign(o).

iii) For the matrix A below, find A~! and express A~! as a product
of elementary matrices; hence also express A as a product of elementary
matrices.

3 2 1 2
A= 2 1 0
-1 g 3

3) Let V, W be vector spaces over a field F and let T : V — W be a
linear mapping; explain what is meant by

(a) the kernel, Ker(T') and ( b) the image, Im(T).

State without proof a relationship which holds between dim Ker(7") and
dim Im(7).

Find the general solution to the system Ax = b when

TR S s W SR TS 1

Rt ShE Ll SR 3 ~
T o Sy o 3 and b= , |

Bk ol iy o = N

Denoting by T4 : Q" — Q* the linear map T4(x) = Ax, find also
(i) a basis for Ker(T4) and (ii) a basis for Im(7).
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4) Let T : U — V be a linear map between vector spaces U , 1". and let
£ = (€i)1<i<m be a basis for U and & = (#;)1<j<n be a basis for 1.

Explain what is meant by the matrix M(T)# of T taken with respect to £
(on the left) and ® (on the right).

If S:V — W is also linear and W = (¢ )1<k<p is a basis for W prove that

M(SoT)f = M(S)gM(T)z.

I 2I1
Let T:Q®— Q® be the mapping T | =2 | = | 2z, +z, +214
I3 I +3.’L‘3

1 0 0 0 1 0
andleté‘“{({) .(1),(0)}31}&?*{(1),(0).(1)}.

0 0 1 0 -1 1
Write down (i) M(T)% and (ii) M(1d)5 . Hence find M(T)3.

5) Let V be the vector space consisting of all functions f : R — R of the
form

f(z) = A;sin(2z) + A\pcos(2z) + A3 zsin(2z) + Ay zcos(2z) (A€ Q)
and let D : V — V be the linear map D(f) = % Taking
{ sin(2z), cos(2z), zsin(2z), zcos(2z) }
as basis for V find :
i) the matrix of D ; ii) the matrix of D? ; iii) the matrix of D',
Hence without further ezplicit differentiation or integration write down

3

IV) -&;i

(cos(2z) + zsin(2x))

v) [ {sin(2z) + zsin(2z) + zcos(2z) } dz

[You may ignore the constant of integration in v))
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6) Let {vy,...,v,} be asubset of a vector space V. Explain what is meant
by saying that

i) {v1,...,Vn} is linearly independent ;

ii) {vi,...,vn} spansV.

Suppose that the subset {vy,...,v,} spans V and that v, can be expressed
as a linear combination

Va=AVi+...4+ A_1Vp-1.

Show that {v;,...,v,_1} also spans V.

Let F be a field and consider the following vectors in F* ;

o B el

0 1
1 0

1 0 1 0 ]
1 v

O = O

Decide with proof whether the above vectors are linearly independent
a) when F =Q;
b) when F = F; is the field with two elements.

Should you decide that the vectors are not linearly independent then give an
explicit dependence relation between them.
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